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Abstract

When combining outputs from multiple classi�ers, many combination rules are available. Although easy to implement, �xed9
combination rules are optimal only in restrictive conditions. We discuss and evaluate their performance when the optimality
conditions are not ful�lled. Fixed combination rules are then compared with trainable combination rules on real data in the11
context of face-based identity veri�cation. The face images are classi�ed by combining the outputs of �ve di�erent face
veri�cation experts. It is demonstrated that a reduction in the error rates of up to 50% over the best single expert is achieved13
on the XM2VTS database, using either �xed or trainable combination rules.
? 2004 Published by Elsevier Ltd on behalf of Pattern Recognition Society.15
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1. Introduction

When one deals with a complex pattern recognition prob-19
lem, such as the veri�cation of personal identity, several
di�erent approaches can be considered, leading to di�erent21
classi�er designs. Typically, after performance evaluation
only the best classi�er is retained, the others being simply23
disregarded. Instead of retaining only the best classi�er, one
could use jointly the information provided by all of them.25
It is now well established that the combination of a set of
classi�ers designed for a given pattern recognition problem27
may achieve higher classi�cation rates than any of the clas-
si�ers taken individually [1–3]. A major factor behind any29
improvement is the diversity in the classi�er opinions [4],
and methods such as boosting and bagging have been intro-31
duced to create diversity [5]. Another factor is the combina-
tion rule itself, that is, the rule that will be applied in order33
to get a uni�ed decision with a reduced error rate, which is
of interest in this paper.35
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Among all possible combination rules, the sum, product,
maximum, minimum, vote and median rules, which e�ec- 37
tively combine a posteriori class probabilities given by each
classi�er, have received very much attention [1,6–9], be- 39
cause of their simplicity and because they do not require
training. If the classi�ers operate in the same measurement 41
space, di�erent classi�ers provide di�erent estimates of the
same posterior probability. An example of such classi�ers 43
is an ensemble of neural networks with various architec-
tures, training strategies or initialisation parameters. Tumer 45
and Ghosh showed analytically that averaging these di�erent
posterior estimates reduces the estimation noise, and there- 47
fore improves the decision [9]. If the classi�ers operate in
di�erent measurement spaces, that is they relate to di�erent 49
phenomena through di�erent sensors, independence between
the classi�ers can be assumed. In this case the optimal com- 51
bining rule is the product rule, in which the combined deci-
sion is based on the product of the posteriors coming from 53
the classi�ers [1]. In fact, for two-class problems in which
the posterior estimation noise is small, Tax et al. showed 55
analytically that the sum and product rule perform the same
classi�cation, independently of the fact that the classi�ers 57
operate in the same or di�erent measurement spaces [8]. Ex-
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periments presented in Ref. [7] con�rm this property: the1
two rules perform in the same way up to an estimation noise
level. Above this level, the product degrades causing the3
sum to become the best combination rule.
In practice however, the outputs of the classi�ers may5

not be posterior probabilities but discriminants or scores,
re�ecting the con�dence of the decision. In order to utilise7
e�ciently the scores in the combination rules above, they
should be transformed into posterior probabilities. This9
transformation is not trivial in general.
On the other hand, the transformation of scores given by11

each classi�er into posterior probabilities can be avoided
if the scores are viewed as features; features that are fed13
into a second-level or combining classi�er in order to obtain
the �nal decision [10]. This approach appears to be espe-15
cially e�cient in the context of biometric identity veri�ca-
tion. The reasons are that (i) identity veri�cation is a two17
class problem where the classi�er has to decide whether a
signal is genuine or not. Therefore, the classi�er outputs a19
one-dimensional score on which the decision is based. (ii)
In general, the score cannot be interpreted as posterior prob-21
ability. As a result, in many identity veri�cation systems
that rely on classi�er combination or fusion, the scores are23
treated as features, and a second level classi�er such as sup-
port vector classi�ers, neural networks, Parzen classi�ers,25
etc., is constructed over these scores. This approach has been
experimented for both multimodal fusion [11–15], where27
scores coming from multiple modalities like face and voice
are combined, and intramodal fusion [16–19], where scores29
coming from the same modality but di�erent matchers are
combined.31
The second level classi�er approach treats scores as arbi-

trary numerical features, discarding their con�dence nature.33
Combination techniques taking the nature of scores into ac-
count, such as the probability rules cited above, may be more35
appropriate in some circumstances.
The contribution of this paper is twofold. Firstly, in the37

case of a two class problem in an identity veri�cation sce-
nario, we point out the link between combining posterior39
probabilities and combining directly the scores, when all
classi�ers operate in the same measurement space. Starting41
from the product combination rule, which is optimal under
restrictive hypotheses, we relax the assumptions to study43
how it a�ects the combination e�ciency. We compare it
with the other posterior combination rules. The di�erence45
with existing work lies in the fact that we assume score
distributions for each classi�er instead of assuming estima-47
tion error distributions. This gives practical relevance to our
study when choosing a particular fusion strategy. We present49
simulation results when scores have Gaussian distributions
as well as results with real data in the case of combining51
multiple face veri�cation classi�ers.
Secondly, we propose an identity veri�cation system53

based on an e�cient and simple fusion strategy of multiple
face veri�cation algorithms. The same face image is used55
as input for several classi�ers. The estimates of class a pos-

teriori probability given by the classi�ers are fused leading 57
to the �nal decision. Although the individual classi�ers are
independently optimised, it is demonstrated that the fused 59
system substantially decreases the error rates over the best
individual face classi�er. 61
The paper is organised as follows. In the next section,

we introduce biometric identity veri�cation and intramodal 63
fusion. Probability-based and second level classi�er-based
combination rules are discussed in Section 3. The e�ect of 65
correlation between classi�ers on probability combination
rules is emphasised. In Section 4, after describing the face 67
veri�cation algorithms, we present the combination results
for face-based identity veri�cation. Conclusions are given 69
in the last section.

2. Intramodal fusion of biometrics experts 71

Biometric identity veri�cation [20] can be stated as fol-
lows. When performing veri�cation, a biometric trait x of 73
the person making the claim is recorded and compared to
a reference trait, or template �p that has been previously 75
recorded. A score s re�ecting the quality of the match be-
tween the template and the unknown biometric trait is com- 77
pared to a threshold � to determine whether the claim is
genuine (class !a) or false (class !b), i.e. 79

s(x)6 � genuine or !a;

s(x)¿� impostor or !b: (1)

The level of performance of a biometric system is assessed
through veri�cation error rates. Two types of errors can 81
be distinguished whether a genuine claim is rejected or an
impostor claim is labelled as genuine. The former is referred 83
to as False Rejection Rate (FRR) while the latter is referred
to as False Acceptance Rate (FAR). Note that a data set 85
disjoint from the training data is required to estimate the
error rates and the threshold without bias. 87
In order to increase the veri�cation performance, one may

take advantage of multiple classi�ers, or experts, that pro- 89
vide their opinions on the same biometric data, and per-
form intramodal fusion. Given a measurement x, each ex- 91
pert i outputs an estimate of the posterior probability fci (x),
where c∈{a; b} based on x. These estimates can therefore 93
be seen as di�erent versions of the true (unknown) poste-
rior corrupted by estimation noise [9,21]. This suggests that 95
a better estimate can be obtained by averaging the di�erent
estimates. 97
Except in some special cases such as k-NN classi�ers

or neural networks, experts usually do not output posterior 99
probabilities but scores si(x). If one intends to combine clas-
si�ers by the averaging or product rule, scores have to be 101
mapped to posterior probabilities. Depending on the classi-
�er, several mappings are available, for example the logistic 103
function [22]. Here we propose to use the score a posteriori
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probability as the estimate fci (x), that is1

fci (x) = P(!c|si(x)) = p(si(x)|!c)P(!c)
p(si(x))

:

Clearly this mapping from si to fci is non-linear, hence av-
eraging the si and the fci does not have in general the same3
e�ect on the combined decision. To compute P(!c|si(x)),
the last equation shows that it is necessary to estimate the5
one-dimensional probability distribution function p(si|!c).
This operation requires some training data similar to the7
data used for estimating the error rates and the threshold as
suggested in the preceding section.9

3. Combination rules

In this section, we present the di�erent score combination11
rules that use posterior probabilities. Then we compare the
combination accuracy in the case of Gaussian distributed13
scores with optimal combination for di�erent values of the
distribution parameters. We then discuss second level clas-15
si�ers employed for the problem of identity veri�cation.

3.1. Combining posterior probabilities17

Consider a pattern x that needs to be classi�ed as either
!a or !b. We have at our disposal R experts, each of them19
outputs a score si(x) which re�ects its opinion about pattern
x. For clarity, we drop the dependency on x in the following.21
The optimal decision rule, is the Bayes rule which assigns
to the pattern the class with maximum posterior probability,23
i.e. choose !a if

P(!a|s1; s2; : : : ; sR)¿P(!b|s1; s2; : : : ; sR): (2)

This is the best combination that can be made using the25
scores as it minimises the probability of error. Under the
assumption that the scores si are class conditionally inde-27
pendent for both classes and equal priors, the product rule
can be derived from (2), that is, choose class !a if29

R∏

i=1

P(!a|si)¿
R∏

i=1

(1− P(!a|si)) (3)

otherwise choose !b. When the scores are not conditionally
independent, this rule is no more optimal in general. In fact,31
for su�ciently accurate experts, scores are likely to be posi-
tively correlated because the experts will agree and classify33
correctly the majority of patterns. In addition to the prod-
uct, several other combination rules have been introduced35
and may be more appropriate when score independence is
not satis�ed:

37
• Sum :∑k P(!a|sk)¿

∑
k P(!b|sk).

• Max: maxk P(!a|sk)¿maxk P(!b|sk).39
• Min: mink P(!a|sk)¿mink P(!b|sk).
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Fig. 1. Combination error versus expert correlation �c in the case
�ai = �bi = 1 for i = 1; 2; : : : ; 5. Key: ◦ best single expert;
max/min;+vote/median; � sum; * product; × Bayes error.

• Vote: ∑
k u(P(!a|sk) − 0:5)¿

∑
k u(P(!b|sk) − 0:5),

where u(:) is the unit step function. 41
• Median medkP(!a|sk)¿medkP(!b|sk).

For two-class problems, the min and max rules perform ex- 43
actly the same classi�cation, the same applies for the me-
dian and vote rules when combining an odd number of ex- 45
perts [6]. Notice that none of the rules above make use of
the correlation between the experts. Only the statistics of the 47
individual score distribution sk are needed to apply the rules.

3.2. Simulation: Gaussian score combination 49

The score densities p(si|!c) are in general unknown.
To study the e�ect of dependence between the experts, we 51
must assume a certain score distribution. Suppose we have
R experts that output Gaussian scores. Each score distri- 53
bution is characterised by the variances �2ci and the means
�ci (c∈{a; b}). The class conditional joint score densities 55
p(s1; s2; : : : ; sR|!c) are also Gaussian with covariance matri-
ces �c, and means �c where the variance �

2
ci is the ith diago- 57

nal element of �c and �ci the ith element of �c (c∈{a; b}).
The properties of the experts are determined by the covari- 59
ance matrices �c and means �c as (i) the correlation be-
tween the experts is re�ected in the o�-diagonal elements 61
of �c, (ii) the accuracy of the ith expert depends on �2ci and
�ai−�bi. In this particular case, the Bayes error can be com- 63
puted and compared to the error given by a posteriori prob-
ability combination rules, when scores are not independent. 65
In the simulation results presented below the case R = 5

is studied and all pairs of experts share the same correlation 67
�c. Class !a is centred at the origin and class !b is cen-
tred at (1; 1; 1; 1; 1)T. Figs. 1–3 show the classi�cation er- 69
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Fig. 2. Combination error versus �2bi in the case �ai = 1 ∀i and
�c = 0:6. Key: ◦ best single expert; max/min;+vote/median; �
sum; * product; × Bayes error.
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Fig. 3. Combination error versus expert correlation �c in the case
�ai =1 and �bi =4 when i∈{1; 2}, and �ai =4 and �bi =9 when
i∈{3; 4; 5}. Key: ◦ best single expert; max/min;+vote/median;
� sum; * product; × Bayes error.

ror obtained by the probability combination rules versus the1
Gaussian parameters for several representative situations. In
Fig. 1 the combination error versus the score correlation is3
shown in the case �2ai=�

2
bi=1 for i=1; 2; : : : ; 5 and �a=�b.

It can be seen that for low correlation values, the combina-5
tion brings a substantial improvement over the single expert
classi�cation. The improvement decreases as correlation in-7
creases since the experts provide gradually more similar
opinions and become redundant. In this particular Gaussian9
case, the product rule achieves the same error rate as the op-

timal combination, independently of the correlation value. 11
In fact, product is optimal if �ai = �bi = �i ∀i and the ratio
r =

�i(�aj − �bj)
�j(�ai − �bi) (4)

is equal to 1 (equal accuracy condition) and the correlation 13
is the same for all expert pairs i and j (see Appendix A).
The sum performs very closely to the product as predicted 15
by the theory [8] while the max/min and vote are above the
optimal rule for low correlation values. This suggests that 17
when combining several experts that are very similar (equal
accuracy and equal correlation between expert pairs) and the 19
score variances are equal for both classes, the product rule is
close to the optimum. Fig. 2 shows the error rate in the case 21
�a = �b=0.6 and �2ai =1 for i=1; 2; : : : ; 5 versus �

2
bi. When

�2bi = 1 ∀i all the rules perform close to optimal. As the �2bi 23
increase the rules depart from optimality quickly, they stay
however below the single expert error rate. Interestingly, the 25
max/min rule performs the best when the di�erence between
the two score variances is large. Again, sum and product 27
show similar performance while vote/median is the worst.
When combining experts showing di�erent accuracies (see 29
Fig. 3), the product rule provides error rates close to opti-
mal up to a correlation of 0.35. Above this limit, the best 31
rules become the max/min rules. When correlation is further
increased, the combination rules may degrade the perfor- 33
mance versus the best single expert. The vote rule provides
very little improvement even for low values of correlation. 35
To summarise, the product rule is the optimal in two cases:

(a) experts are independent or (b) experts are Gaussian with 37
equal accuracy and correlation, and equal variances for the
two classes. In case (a), Fig. 3 shows that for moderate val- 39
ues of correlation (below 0.3), product may be close to op-
timality. In case (b), Fig. 2 shows that, with high correlation 41
between experts, product rule is close to optimality only if
�2ai and �

2
bi are not very di�erent. If they are, max/min rule 43

could be used instead.

3.3. Direct combination of scores 45

As mentioned in the introduction, the use of posterior
probabilities can be avoided if a second level classi�er is 47
trained to combine the scores. The classi�er is therefore im-
plicitly learning the dependencies between the di�erent ex- 49
perts. In Ref. [16], a non-parametric Parzen estimation tech-
nique is used to estimate the joint score density and rule (2) 51
is used directly for combining several �ngerprint matchers.
A support vector classi�er and a neural network fusion are 53
compared in Ref. [15] for audio–visual authentication. A
weighted averaging of scores, which corresponds to a linear 55
discriminant function in the score space is proposed in Refs.
[12,13,19]. In Refs. [17,14], a logistic regression based com- 57
bination is used. In identity veri�cation, the number of ex-
perts that are combined is usually small, which results in low 59
dimensionality for the score space. For this reason, the di-
mensionality to number of sample ratio is often favourable. 61
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Note that such a fusion system is not modular since the com-1
biner must be re-trained when a new expert is added.

4. Face veri�cation expert combination

In this section we start by presenting our face veri�cation
experts. Then we describe the face database and the exper-5
imental protocol. Finally, combination results using both a
posteriori probability combination rules and trainable com-7
biners are given.

4.1. Face experts9

Two of our �ve experts are based on linear discriminant
analysis (LDA), two on probabilistic matching (PM) and11
one on colour histogram comparison. For all experts, the �rst
step involves localisation and registration of the face part in13
the input image. In order to keep focus on the classi�cation
task, we have skipped this step by manually locating the eye15
coordinates in the image. The face image is cropped and
photometric normalisation is applied to reduce the e�ect of17
lighting variation. Note that all the experts use the same eye
coordinates, however they operate on di�erent image sizes19
and croppings.

4.1.1. LDA-based experts21
After cropping, the image is transformed into gray lev-

els and histogram equalised. The Fisherface approach [23]23
is used to extract features from the face image. This feature
extraction technique is based on Principal Component Anal-25
ysis (PCA) and Linear Discriminant Analysis (LDA). LDA
e�ectively projects the face vector into a subspace where27
within-class variations are minimised while between-class
variations are maximised. Formally, given a set of face29
vectors xi, each belonging to one of N classes or persons
in identity veri�cation {C1; C2; : : : ; CN}, we compute the31
between-class scatter matrix Sb

Sb =
N∑

i=1

(�i − �)(�i − �)T

and the within-class scatter matrix, Sw33

Sw =
N∑

i=1

∑

xk∈Ci
(xk − �i)(xk − �i)T;

where �i and � are, respectively, the class conditional mean
and the global mean. It is known that the projection matrix35
W which maximises the class separability criterion J

J =
‖W TSbW‖
‖W TSwW‖

is a solution of the eigenproblem [24]37

SbW = SwW�; (5)

where the diagonal matrix � contains the eigenvalues. In or-
der to prevent Sw from being singular, an initial dimension- 39
ality reduction must be applied. This is achieved by taking
the principal components of the face images. 41
The �rst expert referred to as LNC uses normalised cor-

relation to compute the score given by 43

s1 =
yTmp

‖y‖ ‖mp‖ ;

where y and mp are, respectively, the test and template im-
ages expressed in the LDA subspace. 45
The second expert referred to as GDM uses the gradient

direction metric [25] for the matching process. In contrast to 47
normalised correlation, this technique uses the other classes
to de�ne the score function. The idea is to compute the dis- 49
tance between the probe y and the reference mp in the LDA
subspace along the most discriminative direction. This di- 51
rection is given by the gradient of the a posteriori probability
P(Cp| y) of person Cp given y. The distribution p(y|Cj) is 53
assumed to be Gaussian with mean mj =W T�j and identity
covariance matrix. Under this assumption the gradient of the 55
a posteriori probability of person Cp given y can be written

∇P(Cp| y) = a
N∑

j=1
j �=p

p(y|Cj)(mj −mp);

where a is a scalar that does not in�uence the gradient direc- 57
tion. See [25] for further details. The GDM score for person
Cp is therefore given by 59

s2 =
|(y −mp)T∇P(Cp|y)|

‖∇P(Cp|y)‖ :

4.1.2. Probabilistic matching experts
In the Probabilistic Matching method [26] proposed by 61

Moghaddam et al. the algorithm classi�es the pixel intensity
di�erence � = x − xr between the probe and the reference 63
images as intraclass variations �I or interclass variations
�E . The similarity between the probe and reference is based 65
on the probability of image variation P(�I |�). This proba-
bility can be written using the probability densities p(�|�I ) 67
for intraclass and p(�|�E) for interclass variations thanks to
Bayes formula. These high-dimensional probability densi- 69
ties are assumed to be Gaussian and are obtained from train-
ing data using an eigenspace density estimation technique. 71
The method relies on principal component analysis to form
a low-dimensional estimate of the complete density which 73
can be evaluated using only the �rst principal components
of �. 75
Probabilistic Matching associated with two di�erent pho-

tometric normalisation techniques is used to obtain the ex- 77
perts PM1 and PM2. For PM1, the image pixels are trans-
formed to have a zero mean and a unit variance and for PM2 79
the images are normalised by histogram equalisation.
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4.1.3. Colour histogram based expert1
In contrast to the preceding experts, the �fth expert HST

uses only the colour information contained in the face to3
make the decision. To limit the e�ect of lighting variation,
image pixels are �rst rescaled to have zero mean and unit5
variance. Images are represented in the HSV colour space
and the histogram of the Hue component (H) is computed7
for each image. The score is computed by taking the L1 norm
between the H component of images x and �p, i.e.9

s5 =
∑

i

|hi(x)− hi(�p)|;

where hi(:) represents the ith histogram bin value. The
choice of the colour component H and the L1 norm re-11
sults from optimisation on the validation data set (see next
section).13
Note that histograms do not contain any information about

the image topology, the face morphology is completely dis-15
regarded. For this reason and due to variability of colour, the
individual performance of expert HST are low. However as17
expert HST operates on colour only, it provides information
little correlated to the other experts.19

4.2. Database and experimental protocol

Our experiments were performed on frontal face im-21
ages from the extended M2VTS database (XM2VTS)
[27]. XM2VTS is a publicly available multimodal database23
recorded speci�cally for assessing the performance of bio-
metric approaches to identity veri�cation. It contains face25
and speech recordings of 295 persons. The subjects were
recorded in four separate sessions uniformly distributed27
over a period of 5 months. One session consists of two
recordings. A detailed description of the standard experi-29
mental protocol can be found in Ref. [28]. The protocol
divides the database into 200 clients or system users (used31
for testing false rejection rate) and 95 impostors (used for
testing false acceptance rate). For each client/impostor one33
frame per recording per session is selected thus giving 8
images per subject in total. The total number of images is35
thus 2360 images. The protocol speci�es a partitioning of
the database into disjoint sets for training, validation and37
testing. For the clients, three images are used for training,
three for validation and two, corresponding to the last ses-39
sion, for testing. For the impostors, 25 impostors are used
for validation and the remaining 70 for testing. Therefore,41
the validation set leads to 600 genuine or client matchings
(3 images ×200 clients) and 40 000 impostor matchings (843
images ×25 impostors ×200 clients) because each impos-
tor image is matched against the 200 clients. As for the test45
set, it generates 400 genuine or client matchings (3 images
×200 clients) and 112 000 impostor matchings (8 images47
×70 impostors ×200 clients). The training set serves to
compute the LDA subspace for experts GDM and LNC, and49
to estimate the intra-personal and inter-personal densities
for experts PM1 and PM2. In the single expert scenario,51

Table 1
Individual veri�cation results on the XM2VTS database

Valid Test

Expert EER FAR FRR HTER

GDM 2.17 3.00 2.69 2.84
LNC 2.95 2.75 3.83 3.29
PM1 4.67 3.75 5.57 4.66
PM2 3.45 3.00 4.73 3.86
HST 16.18 18.25 16.46 17.36

The veri�cation result is measured with the equal error rate on
the validation set (EER) and the false acceptance (FAR), false
rejection (FRR) and half total error rate (HTER) on the test set.

the validation data scores serve to set the threshold �EER at
the equal error rate (EER). The individual expert perfor- 53
mance is then assessed on the test data by measuring the
FAR(�EER) and FRR(�EER). In the multiple expert scenario, 55
the validation set scores are used to train the combiner or
estimate the score distributions p(si|!a) in the a posteriori 57
probability combination case. The multiple expert system
is then assessed on test data. 59

4.3. Results

In this section, we present the individual expert perfor- 61
mance and combination results obtained on the XM2VTS
face database. 63

4.3.1. Individual expert performance
Table 1 shows the veri�cation results of the experts pre- 65

sented in the previous section taken individually. The �rst
column of the table shows the EER obtained on the val- 67
idation set. The three last columns show the false accep-
tance and false rejection rates and the half total error rate 69
HTER = (FAR + FRR)=2 obtained on the independent test
set at the same threshold. 71
From Table 1, it can be seen that expert GDM o�ers the

best veri�cation rates (half total error rate of 2.84%). The 73
other experts show error rates slightly higher except for ex-
pert PM1 (probabilistic matching based with zero mean and 75
unit variance pixel value normalisation) and HST (colour
histogram) which have an half total error rate of 4.66% and 77
17.36%, respectively. The expert GDM, LNC and PM2 have
approximatively the same accuracy. 79
Table 2 shows the second-order statistical properties of

the experts. From the table it can be noticed that the expert 81
HST has a low correlation with the other gray level-based
experts. The ratio r is de�ned by Eq. (4). 83

4.3.2. Trainable combiners
To compare the probability combination rules to trainable 85

combiners, the scores were combined with the following
classi�ers: weighted averaging, Bayes quadratic classi�er 87
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Fig. 4. Combination of two face veri�cation experts. Left a posteriori probability combination rules. Right: trainable combiners.
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Fig. 5. Combination of three face veri�cation experts. Left: a posteriori probability combination rules. Right: trainable combiners.

and Parzen classi�er. The weighted averaging computes a1
new score by summing with weights the expert scores. The
weights are found so as to minimise the EER on the valida-3
tion dataset. The Bayes quadratic classi�er assumes Gaus-
sian distributed scores. For the Parzen classi�er the class5
conditional score densities are estimated over the validation
set using a Gaussian kernel. The joint densities are used to7
compute the a posteriori probabilities and rule (2) leads di-
rectly to the decision. The combiners are trained on the 6009
genuine matching scores and the 40 000 impostor matching
tests forming the validation set.11

4.3.3. Combination results and discussion
The combination results are shown in Figs. 4, 5, 6 for,13

respectively, two, three and four experts for both proba-

bility combination rules and for trainable combiners. Each 15
point in these �gures corresponds to an HTER (reported on
the y-axis) obtained with the subset of experts reported on 17
the x-axis. The HTER of the best single expert from the
subset is also reported in the �gures and represented with 19
a circle.
It can be easily shown that for two classes and for two 21

experts the sum, product, maximum, minimum and median
rules amount to the same rule. This is why only one combina- 23
tion technique is shown in Fig. 4(left). Remarkably from the
�gure, all probability rules lead to improved performance. 25
In contrast the trainable combiner may actually decrease the
performance in some cases. This happens mainly when the 27
very weak expert HST is in the combination. The probabil-
ity rules do not seem to be a�ected by this problem. An ap- 29
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Fig. 6. Combination of four face veri�cation experts. Left: a posteriori probability combination rules. Right: trainable combiners.

Table 2
Expert score statistics

Expert Ratio r �a1 �a2 �b1 �b2 �a �b

GDM LNC 1.10 3.72 1.23 1.00 1.00 0.77 0.44
GDM PM1 1.19 3.72 0.89 1.00 1.00 0.57 0.32
GDM PM2 1.10 3.72 0.90 1.00 1.00 0.57 0.36
GDM HST 1.95 3.72 0.98 1.00 1.00 0.26 0.04
LNC PM1 1.09 1.23 0.89 1.00 1.00 0.73 0.72
LNC PM2 1.00 1.23 0.90 1.00 1.00 0.82 0.81
LNC HST 1.77 1.23 0.98 1.00 1.00 0.24 0.09
PM1 PM2 0.92 0.89 0.90 1.00 1.00 0.76 0.75
PM1 HST 1.63 0.89 0.98 1.00 1.00 0.14 0.13
PM2 HST 1.77 0.90 0.98 1.00 1.00 0.19 0.10

See text for expert description.

preciable improvement is brought when PM1 and PM2 are1
combined although they di�er only by the pre-processing
technique (cropping and photo-normalisation). When LNC3
and PM1 are combined, almost no improvement is observed.
Note that the relative combination improvement cannot be5
predicted from the expert correlations shown in Table 2.
For example, PM1 and PM2 have approximatively the same7
correlation as PM1 and LNC. Also LNC and PM2 have sim-
ilar error rates. However, the �rst pair of expert leads to an9
improvement while the second not.
When a third expert is added (see Fig. 5) di�erences11

start to appear between the probability rules. Note that we
have qualitatively the same performance arrangement as for13
the Gaussian score simulation: product, max and sum are
roughly performing equally well (with a slight superior-15
ity exhibited by product and max) and vote/median being
slightly worse. As predicted by the theory [8], sum and prod-17
uct perform the same most of the time.
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E
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Fig. 7. Validation data EER and test data HTER versus relative
weight when combining HST and LNC. The HTER of single expert
LNC is also drawn. The vertical line shows the optimal weight
found on the validation set. Obviously it is not optimal on the test
set.

When a fourth expert is added no additional improvement
is observed. In fact, a slight decrease may happen in some 19
cases. This suggests that a “classi�er selection” step, with
reference to feature selection as pointed out in Ref. [16], 21
is required to gain the maximum from the fusion. The vote
combination is not shown on Fig. 6 since it is not well de- 23
�ned for an even number of experts. Except for the com-
bined subset involving LNC, PM1, PM2 and HST, all the 25
rules (probability-based and trainable combiners) give sim-
ilar results for all subsets of experts. 27
In most cases, the probability and the trainable combina-

tions allow approximatively the same improvement. How- 29
ever, in contrast to trainable combination we never observe
a performance degradation when combining probabilities. 31
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One reason could be that estimation in one-dimensional1
spaces is very e�ective with respect to training data amount
since no dependency between variables has to be learned.3
Moreover, the probability rules really use the con�dence na-
ture of the scores: a weak expert like HST outputs a large5
fraction of a posteriori probabilities around 0.5. Most of
the time, HST does not in�uence the decision except in7
the cases when it outputs a high con�dence (a probabil-
ity close to 0 or 1). This acts in favour of the combined9
decision.
Let us analyse more precisely the reasons for which com-11

bination decreases performance. Consider the weighted av-
eraging combiner: the weights are tuned so as to minimise13
the EER on the validation set. Since an expert gets a weight
equal to zero when it increases the EER, the EER of the15
multiple expert system cannot be higher than the EER of
the best expert. A degradation is observed when the com-17
biner training data, i.e. the expert scores on the validation
set, do not represent faithfully the scores for new patterns19
of the test set. This happens when the individual experts are
overtrained, even slightly. Fig. 7 shows the validation data21
EER (solid curve) and test data HTER variation (dashed
curve) versus the relative weight when combining experts23
HST and LNC. It can be seen that the two curves are quite
di�erent, which means that the distributions are di�erent25
for validation and test data. The weight leading to the EER
minimum is unfavourable for the HTER on the test data.27
In fact this di�erence comes mainly from the HST expert
which is overtrained: its false rejection rate on the test data29
2% higher than on the validation set. This example con-
�rms the ideas of Duin [2]: the use of one single data set for31
training the combiner and the experts should be avoided un-
less special precautions are taken against expert overtrain-33
ing. The validation set should be divided in two parts, one
for training the experts, and one for training the combiner.35
In our case the experts have been designed without the pur-
pose of future combining, they have been optimised using37
the whole validation set. Although the posterior probabili-
ties are also a�ected by overtraining (the estimated proba-39
bilities are not correct), our results suggest that the prob-
ability combination rules are more robust with respect to41
overtraining.
We end the discussion by pointing out the minimum43

HTER obtained on this dataset: 1.30% by combining experts
GDM (LDA with gradient direction metric), PM2 (proba-45
bilistic matching) and HST (colour histogram-based). This
is more than 50% of improvement over GDM, the best sin-47
gle expert. This is however an a posteriori choice of the
optimal sub-set of experts as it is determined by taking the49
minimum HTER on the test set.

5. Conclusions

When combining classi�ers, the product rule is optimal in
some special cases, for example when classi�ers are inde-53

pendent. However, this rule and the other probability combi-
nation rules can be used with success in practical situations 55
even if the optimality conditions are not ful�lled. Our goal
was to evaluate the e�ect of correlation between the classi- 57
�ers on the probability combination e�ciency in a two-class
problem scenario. With Gaussian distributed scores, it ap- 59
pears that the product, sum and maximum (equivalent to
minimum in two-class problems) are relatively robust to 61
correlation. To evaluate the merits of these rules on real
data, we studied the problem of identity veri�cation with 63
facial images. Five experts, which output an opinion about
the same image and that have been individually optimised, 65
were developed and combined (intramodal combination).
The a posteriori probability estimates or con�dences given 67
by each expert can be obtained easily from the score given
by the expert. The advantage is that this combination tech- 69
nique is modular: no re-training is needed if an expert is
added to the multiple expert system. The probability rules 71
performwell on these data, although the experts are very cor-
related and one them exhibits weak performance. A perfor- 73
mance improvement over the best single expert is observed
in all cases. For comparison, the experts are combined us- 75
ing trainable combiners. In addition to the fact that they re-
quire training, the combiners show less stable results: while 77
they allow an improvement comparable to the probability
rules, they sometimes degrade the performance especially 79
when the weak and overtrained expert is in the combining
subset. 81
If the subset of face veri�cation experts to be combined

is chosen carefully, and this is still an open problem, the 83
improvement brought by the combination is encouraging:
up 50% over the best single expert using the XM2VTS 85
database. This shows multiple intramodal expert combina-
tion can increase the robustness of identity veri�cation based 87
on facial images.
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Appendix A.

In this appendix, we show that for experts with Gaussian 91
distributed scores with equal accuracy, equal correlation be-
tween all expert pairs for both classes, and equal variance 93
for both classes, i.e. �a= �b= �, �ai = �bi = �i ∀i and �a=
�b=�, the product combination rule is optimal in a Bayesian 95
sense. We follow the notation from Section 3.2. The clas-
si�cation error for expert i is ei = P(!a)P(si ¿�|!a) + 97
P(!b)P(si ¡�|!b). Assuming equal priors and setting the
threshold � to (�ai − �bi)=2, the error can be written ei = 99
�((�ai−�bi)=2�i), where �(:) is the cumulative distribution
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of a Gaussian variable Z with zero mean and unit variance.1
Since the error is equal for all experts (equal accuracy) we
have3

�ai − �bi
�i

= K; (A.1)

where K is a constant independent of i. We rescale the score
si so that �i=1 ∀i. The optimal fusion strategy of the scores5
si amounts to implementing Eq. (2), which can be written
in this case: choose class !a if7

sT�−1(�a − �b)¿
1
2
(�Ta�

−1�a − �Tb�−1�b);

where s = (s1; s2; : : : ; sR)T. Because of Eq. (A.1), we have
�a = �b + Kv with v = (1; 1; : : : ; 1)

T and the optimal rule9
becomes KsT�−1v¿K(�a + �b)

T�−1v. The covariance �
has all its diagonal elements equal to 1 and all o�-diagonal11
elements equal to �, because all experts share the same
correlation. It is easy to see that v is an eigenvector of this13
particular matrix, with eigenvalue C(�) = 1 + (R − 1)�
where R the number of experts. The vector v is also an15
eigenvector of matrix �−1 with eigenvalue C(�)−1. There-
fore, the optimal rule becomes simply sTv¿ (�a + �b)

Tv.17
In this particular case, the optimal decision rule does
not depend on the correlation between the experts. The19
product rule is therefore also optimal for any value of
correlation.21
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